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Abstract. A formulation for stationary axisymmetric electromagnetic fields in general relativity
is derived by casting them into the form of an anisotropic fluid. Several simplifications of the
formalism are carried ot in order 1o analyse different features of the fields, such as the derivation
of electromagnetic sources for the Maxwell field in the form of thin layers, construction of new
solutions, and generation techniques.

PACS numbers: 0420C, 0420), 0440N

1. Infroduction

The study of coupled stationary axisymmetric electromagnetic and gravitational fields is of
great interest in astrophysics in order to provide a description for the exterior of steadily
rotating objects. Although the whole system of equations can be reduced to. two complex
partial differential eguations [1], and special techniques have been developed to generate
solutions, for instance the ones reviewed in [2,3] for vacuum fields, we still Iack exact
solutions whose physical interpretation is appealing.

In section 2 we shall extend the exterior differential system formalism presented in [4]
and [5] for perfect fluids to electromagnetic fields. The Maxwell field will be presented
as an anisotropic fluid. Null fields will not be considered, since they have a null Killing
vector [6] and have already been studied. The main advantage of using differential forms
is that we are not forced to choose coordinates from the outset, and therefore there is more
freedom for solving the equations and simplifying the system in different ways. In section 3
a simplification will be carried out on this Maxwell fluid to cast it into a shear-free form,
Advantage will be taken from it to construct magnetic dipole thin layers as surface sources
for the magnetic field of static (among other) electrovacs and to extend previous results on
angular momentum densities for vacunm metrics to some electrovacs. Section 4 is devoted
to another simplification of the formulation. This time the Maxwell fluid will take the form
of an irrotational fluid. An extension of some results obtained in canonical coordinates is
provided. In section 5 a simplification of a different nature is performed: the Ricci tensor
is diagonalized and a family of new electrovacs is constructed.

2. Exterior differential system for stationary axisymmetric electrovacs

2.1. Cartan’s first structure equations

We shall follow the approach developed in {4] and [5] for the kinematical quantities and
define an orthonormal vierbein {6°, 8!, 62, 63} where {§°, 9!} lie on the space spanned by
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the orbits of the isometries {3, 8,), whereas {#%, 8°} will lie on the orthogonal space. In
order to partially diagonalize the electromagnetic stress tensor we shall choose #°, paraliel
to the direction of its timelike eigenvector, as the timelike leg of the tetrad. The four
eigenvalues of the stress tensor have the same absolute value and one of them is negative.
This one corresponds generically to the eigenvector which lies in the direction of the
magnetic and electric field in a frame in which they are parallel, or, if the Lorentz invariant
E « B is zero, then the respective eigenvector lies in the direction of the electric (magnetic)
field in a frame in which the magnetic (electric) field vanishes. Therefore we shall be able to
view the electromagnetic field as an anisotropic fluid with the absolute value of the pressure
equal to the density and consider # = —6° as its velocity form. Imposing that the tetrad be
torsion-free we obtain the following Cartan equations:

de=anru+twhab '8))
o' = -a)Ab' +5Au )
de? = —v g’ 3
d9* =vAg? @)

where a is the acceleration of the “fluid’, w = %w (w is the vorticity form derived from &
and * stands for the two-dimensional Hodge dual in the space orthogonal to the orbits of the
Killing vectors {3;, 3,}), s is a 1-form associated with the shear of the fluid, » = dlnp (p
is the radial pseudo-cylindrical Weyl coordinate) and v is just a connection in the 2-space
spanned by 62 and 8°, We still have a great amount of freedom for further simplifications.

2.2. Bianchi identities

Bianchi identities are easily obtained by exterior differentiation of the previous set of
equations:

db =0 (5)
da=wAs (6)
dw=—(b~2a)Aw (M
ds = (b — 2a) As. (8)

2.3. Maxwell’s equations

Now we shall describe the Faraday and Maxwell electromagnetic strength 2-forms (F and
its four-dimensional dual * F) in terms of the electric and magnetic 1-forms, respectively
E and B) . In what follows we shall restrict ourselves to electromagnetic forms E and B
with no projection on the orbits of the Killing vectors:

F=—EAu+%Bn6! )

Y« F=BAu+=*En@. (10)
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Therefore, the Maxwell vacuum equations dF =0 and d *+ F = 0 imply:

dE—-EAa++BArs=0

dx B+ EAw—#BA(b—a)=0

d« E—BArw—*EA(b~a)=0

dB—~Bra—x«xEnrs=0.
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(i)
(12)
(13}
(14

These equations are not a consequence of the integrability conditions for the Einstein
equations unless the Lorentz scalar E - B is different from zero. These equations can

be written in a more compact expression defining a complex 1-form f:
f=E+iB
df =—anf—isAaxf
dx f=(@—byAxf-+iwa f

2.4. Einstein’s equations

Considering that the electromagnetic stress fensor has the following expression:

T, = ﬁ[F“Fbc—%agF"chd}
the Einstein equations take the general form:
ds(w—8)+2anxw+2a—b)A+s =4EAB=2fAF
d*a+b/\*a+%wA*w—%sA*s:EA*E+B/\*B=f/\*f
dx«b+brxb=0
db+bAb— S —WIAG—B)+2eAE—2bAG+2vAxD
=2EAE+2BAB=2fAFf
d*5+b/\*5—%(s-w)/\*(E—fr})+2a/\*&——2b/\*&—2v/\5
=2EA*E+2BAxB=2f Axf

dvt+ansh—anxat 3(s —w)Axis —w) =0.

(15)
(16
am

(18)

(19)
(20)
21

(22)

(23)
(24)

The symbol ~ denotes the linear transformation in the {#2,8}-space defined by the

following expression:

=6 6=-6

(25)

As in the perfect fluid case, equations (22)-(24) can be left for the end, since
the connection v can be algebraically obtained from them, and then equation (24) is

automatically satisfied.
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3. The electromagnetic field as a rigidly rotating fluid

3.1. Ernst's equations

As we have already said, our exterior system can be simplified in many ways. This freedom
comes from the possibility of describing the electromagnetic field in different reference
frames preserving the structure of the equations. We can shift from one frame to another
performing a local boost or rotation or a combination of both,

One boost that can always be applied is the one which takes us from our original frame
to another in which the velocity u is shear-free (s = 0). This transformation is described
by the following equations:

u' = coshAu + sinh A 8" (26)

9" = sinh A u + cosh A 8! (27)

dA = cosh A sinh A (B’ — 2a") + cosh® A 5" — sinh? A /. (28)
The electromagnetic field changes in the following way:

E =coshA E' —sinh X x B/ (29)

B =coshA B' 4 sinh A * E'. (30)

This transformation is compatible with the whole set of equations, as happened in the
vacuum case [4]. Therefore there is no loss of generality in taking s = 0 from the beginning.
‘We can formally integrate equations (5)—~(7) and (16) to obtain:

a=dU b=dlInp (31)
w = p~le?¥da (32)
=—eYdo, (33)
From equation (19) we obtain the exact differential that defines the twist potential x [1]:
dy = e x w+2iddod (34)
and construct the Ernst potential £ in the following way:
de = de?¥ +idy Re = e — 0P, (35)

Substituting (33) in (17) we obtain an elliptic equation for the scalar complex
electromagnetic potential &:

1 _
dxdP + b5 Axdd = —— {de + 20dP} A xdP. 36
’R.a-l-dxp{ I (36)

And if we combine the previous equation with the Raychaudhuri equation (20), and
(34) with (31) and (7), we obtain another second order elliptic equation, namely the Ernst
equation;

i -
dxde b A xde Rs+¢&)[de+2¢d¢}/\*ds. (37

The whole set of equations for stationary axisymmetric electrovacs reduces to these two
complex equations for the potentials £ and & [1].

The equations (5) and (21) just introduce two functions p and z, the Weyl pseudo-
cylindrical coordinates, that are related by the Hodge dual of their differentials:

rdp = —dz. (38)
And therefore the metric takes the following form, afier integrating the Cartan equations:
ds? = — eV (dr ~ Adg)? + e~ [e¥ (dp? + dz?) + p?de?]. (39)
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3.2. Construction of electromagnetic dipole surface densities

This formalism can be used to obtain electric and magnetic dipole surface densities for the
sources of some asymptotically flat stationary axially symmetric solutions of the Einstein—
Maxwell equations in a similar way as was done in [7] for constructing angular momentum
densities for vacuum metrics. The formulae derived by Israel in [8] cannot be applied since
they only yield non-vanishing expressions for the mass, charge and angular momentum, but
not for the magnetic momentuin.

We shall only consider static fields and also non-static metrics for which w A f = 0—
if we want to calculate only magnetic (electric) moment densities, we shall only need
wAE =0 (wA B =0). By asymptotically flat we mean that the metric has the following
behaviour at infinity (r — oc) in some coordinates (¢, r, 8, ¢):

. 3 2
ds? = — (1 - %"‘3) (dt + 2 S:" 4 d¢) + (1 + 3:3) [dr? + r2(d8* + sin® Hd$2)](40)

where m is the source’s total mass and J is the total angular momentum. Therefore the
metric functions €V and A and the twist potential x (since A and x are related by the dual
of the vorticity 1-form) take this form at infinity:

2 in
ew=1__m+0l A=_2Jsme+ol @1
r rt r r?

2J cosé 1
x=—-"" + o(-;) . 42)
¥ r

To calculate the magnetic dipole we shall require that the magnetic scalar potential, that
is the imaginary part V of the potential ®, must be asymptotically dipolar:

M cosd 1
V= :°S +0(—). (43)

As happens in flat spacetime, the magnetic scalar potential can be defined only outside
the sources. If we have a sheet of dipoles as a source, the limit values of the potential on
either side of the surface will be different, and this discontinuity reveals the existence of the
source (cf, for instance, [9]). Our purpose will be to extend this result to curved spacetimes.

Following the approach developed in [7], we integrate equation (12) with the previously
stated restrictions, that combined with (33) provides us with two expressions for the magnetic
field:

B=I{f}=—eVdVv = —p7le! xdW (44)
V = T{®). (45)

This function W has the following asymptotic expression, due to the behaviour of V at
infinity:

<2
W= Ms:“ o +o(i) . 46)
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And now we shall integrate the scalar product of the magnetic field B and the differential
of a function Z{r, &) to be determined. The domain of integration will be the space Vs
orthogonal to the congruence defined by #. The metric on this space is the projection
g =% + u ® u. Using both expressions for B we obtain:

0= | /Z{B+*(xB)],dZ)dx'dx*dx>
Vy

=/ JE{—e Vg8, Va,Z + p~leVe9, Wa, Z} dxdx?dx®. 47)
3

In order to express the integrand as a total derivative we choose Z so that it satisfies
the following differential equation:

8,(Jge Vg"3,Z)=0 48)

As an asymptotic boundary condition we impose that Z behaves like r cos@ at infinity.

The potential V is discontinuous across a closed surface S if we are to have a magnetic
moment surface density, therefore we have to split the space into two pieces V3" and V",
respectively the outer and inner part of V5. If the surface § is open, it can be extended to
a closed one, taking the value zero for the discontinuity on the closure. V* and V~ will
denote the limit values of V on either side of the surface,

Since the Levi-Civita tensor on the space orthogonal to the orbits of the Killing fields
is e = eXY=M[,y] the integrand in (47) can be written as:

3,{— /8¢ V8" VO, Z + Wuvld, Z}. (49)

We have the desired total derivative and we can express the integral as a surface integral
on the boundary £ = 3V;5 U3V, with unitary normal n. The boundary of V;" consists of
$ and the sphere at infinity 52(c0) and the boundary of V5~ is just' S. Taking into account
the required behaviour of the metric functions and the magnetic potential at infinity, the
integral on $%(c0) yields:

f ds(VieYg"n,8,Z = 4n M. (50)
S

And therefore we obtain the following formula relating the jump of the magnetic
potential [V] across § with the total magnetic moment M:

dnM =decr (51)
5

o= é[V}e"Ug“”npavZ. (52)

We can consequently infer that o is the source’s magnetic moment density for the
Maxwell field.

Similar calculations can be done with the real part of the electromagnetic potential ¢
to compute electric dipole surface densities.
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3.3, Angular momentum surface densities

The formalism developed in [7] for interpreting discontinuities of the twist potential of
asymptotically flat stationary axially symmetric vacuum metrics can be extended in a
straightforward way to cope with electrovac solutions with £ A B = 0, since the only
equations involved are the Bianchi equations and the equation for the vorticity, {19), and
these remain the same as in the vacuum case if we impose the mentioned restriction. Hence
the angular momentum surface density for stationary axisymmetric vacuum metrics and
electrovacs with paralle] magnetic and electric fields has the following expression in terms
of the jump [x] of the twist potential;

1
O == 3= (x1e™Y g#n, 8, Zik (53)

where the function Z, is asymptotically r cos# and satisfies the following differential
equation:

3,(/8e ™V g3, Zee) = 0. (54)

3.4. Bonnor’s transformation

One of the peculiarities of this formalism for constructing surface densities is its behaviour
under Bonnor transformations. ‘These transformations are a method for geperating
magnetostatic electrovacs from stationary non-static metrics [10]. As the solutions of
the Einstein-Maxwell equations are fully characterized by the Ernst and electromagnetic
potentials, it will suffice to give the rules that determine the potentials for the electrovac:

€ = Eyac Eyac (55)
V = iXyac . (56)

In order to have a real solution the magnetic potential has to be real, therefore the
parameters have to be rearranged with a complex transformation to achieve this purpose.

From these expressions it is clear that e’ = e2. Since Z is a function of p and z only,
in canonical coordinates, the only components of the 3-metric g of V3 that appear in the
differential equation (48) are g®° = g% = ¢?V~%, The square root of the determinant of
this metric is ,/g = e™3Y**p and therefore equation (48) takes this form in terms of the

original vacuum metric functions after rearranging the parameters:

B#(ﬁe"ug“”a,,z:’ = 8, (e p8,,8,2)
= 3,(e230 08,00, Z) = 3,u(/Bvae (€Y )vac 842 8,Z) = 0. (57)

That is, the function Z needed for the construction of the magnetic dipole surface density
satisfies the same differential equation as the Z,y involved in the caiculation of the angular
momentum density for the original vacuum metric gys.. Therefore the same function is
valid for both solutions, once we have re-interpreted the parameters, and the formalism is
compatible with the Bonnor transformation,
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3.5. An example: Bonnor’s massive magnetic dipole

As an example of how this formalism works, we shall calculate the magnetic source for
Bonnor’s massive magnetic dipole [11]. This is a Bonnor transformation of the Kerr metric
and therefore we can use the Z function obtained in [7] for its source’s angular momentum
density.

Bonnor’s metric has the following form:

2mr 2
d 2 = — — — dz‘2
s (1 r2 —a? c0326)

2mr -2 .
+ (1 - w) {(r‘2 - dz - 2mr) sm39d¢2

(r? — acos?6 — 2mr)* , dr?
[(r —m)? — (@® + m?) cos? 6P (dB Sl Y az‘)] (58)

from which we can read the necessary metric functions:

2mr 2 4m 1
2U —_—— ) == = —
© = (] r —a%osza) =3 +0(r2) ' %

The magnetic field is determined by the scalar potential:

2amcost 2am cos @ 1
= +0 ;Z .

V = =
r? —gcos?d r2

(60)

Therefore both the gravitational and magnetic fields fulfill the required asymptotic
conditions with mass equal to 2m and magnetic moment 2am.

If we consider the meiric {0 be written in a sort of oblate spheroidal coordinates, as is
done in [8] for the Kerr metric, then events on the surface r = 0 with polar angle @ have
to be identified with events with polar angle equal to = — 8. To avoid double counting
these points, the § coordinate will range from 0 to 7/2 on this surface. Therefore the
function cos @ suffers a discontinuity upon crossing r = 0, since it shifts sign from positive
in the uwpper subspace {r > 0, 0 < 8 < =/2) to negative in the lower subspace (r > 0,
nf2 €0 <m).

Hence the magnetic potential V = T{®} is discontinuous on the surface r = 0. The
difference between the values taken on the upper and the lower side of the surface is:

4m
acosf

[(V]=— (61)

The Z function satisfying (48) can be obtained from the Z; for Kerr, as was shown in
the previous section, taking into account that ager == ig. Hence,

2a*m(5¢os® @ — 3cosH)

Z=(r—3moosd - —o 5o (62)
The surface element for r = 0 is:
5sind costs
ds @ ST cos dé do. (63)

" atcos@ — m2sin® 9|32
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We are ready now to write the magnetic moment surface density for the source of
Bonnor’s magnetic dipole using the formula (52):
m |a®cos?@ — m?sin? 0]3/2

= cos* g ) 64

The integral defining the total magnetic moment yields the expected result;

2z pmj2
M =f a ds =f f df (masin@) = 2ma. (65)
s 0 Jo

But unfortunately the source lies in a region where the signature of the metric is not the
usual one (for instance, the angle ¢ is no longer a spacelike coordinate). Any other surface
source would have to include the region § in order {0 cope with the discontinuities of the
magnetic potential. Therefore its interpretation as a physical material source is dubious, and
one would have to resort to three-dimensional sources to hide the unphysical regions of the
electrovac metric.

4. The electromagnetic field as an irrotational fluid

4.1. Emst’'s equations

Instead of performing a boost in order to cancel the shear 1-form s, as was done in the
previous section, we can always write our equations in a frame where the dual of the
vorticity w is zero. This is also compatible with our system of equations, as happened for
vacuum fields [4,5]. Of course, this would not be possible in general for a perfect fluid.
The differential equation defining the A parameter of the boost is now:

dA = cosh A sinh A (2a' — b') + cosh® A w' — sinh® A 5", (66)

This amounts to many simplifications, as happened in the shear-free formalism. The
equations (5}—(8) and (17) can be integrated to obtain:

a=dU b=dlnp {67
s=pedC (68)
* f =—ep7ldw. (69)

From equation (19) we obtain an exact differential that can be used to define what could
be called ‘deformation potential’ v in analogy with the twist potential:

dy = p%e Y x5 — 210dV (70)
and construct another complex potential # similar to the Ernst potential:
dp =d(—ple ) —idy  Rip}=—-ple”’ — Wy (71

If we substitute (69) in (16) another generalization of the Laplace equation is achieved,
this time for the potential W

1 -
dwdW¥ + b A %d¥ = - {dn + 2Fd W) A +d¥P. (72
'Rn’+¢¢{q H )
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The analogue of the Ernst equation can be obtained in this irrotational formalism in a
similar way taking into account the latter equation, the Raychaudhuri equation (20) and the
equations (70), (67) and (8):

1 -
=—""Td v
dsdny -+ b Awdy Rn+ww{ﬂ+2‘l‘d!¥}/\*dn (73)

These two equations, together with the coordinate condition xdp = dz, comprise the
whole problem of calculating stationary axially symmetric electrovac solutions. In this
formalism the metric takes a form different from the canonical one:

ds? = —e?df? + e e (dp? + d2?) + p*(d¢ + Cdr)). (74)

Both sets of equations, the Ernst equations ((36) and (37)) and these new Ernst-like
equations, look the same exchanging & for n and ¢ for ¥, as happened in the vacuum
case [4,5). However, there is a difference that did not occur for vacua and that is hidden
behind the minus sign written before the norm of the rotation Killing vector, [|34]] = p%e~%,
as appears in the definition for the n potential. This sign enforces the real part of 1 to be
negative if it has to deal with a physical situation. Otherwise the rotation Killing vector
would be timelike, On the other hand & can be either positive or negative. Besides this, the
conditions on the potentials for the metric to be asymptotically flat are rather different:

f=14 o(}) , (75)
p = — P58 4+ O(). (76)

Although the equations have been cast in the same form, in fact the potentials have very
different meanings.

One could think of the following transformation in order to generate new stationary
axially symmetric electrovacs as the electromagnetic generalization of the transformation
introduced in [4] and [5):

£ —> 1 an
O — W, (78)
But this would lead to unphysical metrics unless the seed metric has signature (4 —-—~-},

since this transformation induces the following exchange between the norms of the Killing

vectors:

eV s — pzc-zu. (79)
It could then be used to generate new solutions from the forbidden regions of other

spacetimes.
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4.2. Two families of 'irrotational’ solutions

The first attempt at constructing new solutions of the Einstein—Maxwell equations with the
irrotational formalism could be to make use of the ansitze that have been profitable for
solving the standard Ernst equation. For a start it can be shown that the Weyl family of
static electrovacs [12] can be extended o yield new solutions.

The Weyl ansatz, in terms of the Ernst potentials, assumes a functional dependence
between & and &, that now are real (since the metric is static, the twist potential can be
taken to be null):

£ = &(P). (80

This ansatz leads to two equations, that can be integrated, considering the asymptotic
flatness condition for the Ernst potential (75):

D) =0=e? =1-2cd + ¢? (81)
where ¢ is a constant. 7
2c + 2¢
do o= ——— " A
d = + b A xd 1_2c¢+¢2d¢ *dP (82)

that can be solved in terms of a function ¥, solution of the reduced Laplace equation:
d«dY +bAxdY =0 (83)

via the following relation:

—ver—1coth? +¢ (¢ ~1)sinh™? Y >1
P=1-rl4¢ =1y F=1 (34
—v1—-c2cotY +¢ (1 -c*sin~2y ¢t < 1.

A similar ansatz can be applied in the irrotational formulation of static axisymmetric
electrovacs:

n=n(¥). (85)

The equations that this ansatz yields are entirely similar to those of the Weyl ansatz:

) =0= p2e ™ = ¢ +20¥ —~ 2 (86)
2c—2¥
dxdl + b Axd¥ = md@/\*d‘?. 87)

For physical reasons we want ¢’+2¢c¥ —¥? to be positive, and this can only be achieved
if ¢’ + ¢ > 0. With this restriction in mind the physical cases to be considered reduce to
just one:

W =c++c' +ctanhy p%e ™ = (¢ +cHcosh™? ¥ (88)

where Y is again a solution of the reduced Laplace equation.
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From the previous equation we learn that p’¢~¥ is bounded above by ¢’ +c*, and hence
these solutions cannot be asymptotically flat at infinity, since the norm of the rotational
Killing vector is expected to diverge at infinity. This family could be used to represent an
electrovac spacetime surrounded by a material source to which it should be matched.

Another ansatz that can be extended to this irrotational formalism is that of Papapetrou
[13] for vacuum metrics. Following [14] we can write this ansatz as an assumption of
functional dependence between the real and the imaginary parts of the Ernst potential:

e=e iy U =U(x). (89)
The real and imaginary parts of the Ernst equation imply:
e =¢ +2ex —x* (80)
where ¢ and ¢’ are constants.
2c—2x
dxd A = ————d
*dy +b A xdy T o 1 X Asdy (91)

which is similar to the one we have integrated for the extension of the Weyl solution (87).
Therefore the twist potential has the following expression in terms of an arbitrary solution
of the reduced Laplace equation:

X =c++vc +c?tanh Y. (92)

The restriction ¢’ + ¢? > 0 has to be imposed again for physical reasons. The Ernst
potential takes the form:

e=+vc' +c2(cosh™ 'Y +itaph ¥) +ic. 93)

If we apply this ansatz to the irrotational formalism, p%e~?Y = g(3), instead of to the
habitual shear-free formalism, then the equations have the same form, and therefore we
have a different family of solutions:

n=+vc +c?(cosh™! Y +itanh ¥} + ic. (94)

The same considerations for the asymptotic behaviour of the extension of the Weyl
family apply to this extension of the Papapetrou class.

5. Diagonalization of the stress tensor

Classical non-null electromagnetic fields can be put in a frame where their stress tensor is
diagonal by performing a Lorentz transformation. It implies taking the Poynting vector to
be zero by letting the electric and magnetic field become paraliel (if the Lorentz invariant
E « B is different from zero) or by cancelling either the electric or the magnetic field (if
E - B = 0 and the other Lorentz invariant {| E |2 — || B||? is respectively negative or positive).

The same simplification can be applied without loss of generality in general relativity,
This amounts to taking £ A B = 0 in the exterior system, and therefore the Einstein equations
for the difference of the vorticity and the shear and for the dual of the acceleration remain
as follows:

dx{(w—-+2answt+2la-b)Arxs=0 (95)
d*a+b/\*a+%wA*w—%sA*s:EA*E+BA*B=f/\*f. 96)
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5.1, ‘Semi-null’ Maxwell fields

In this section we shall call ‘semi-null’ the Maxwell fields that have one of the Lorentz
invariants identically zero in opposition to null and generic fields. There are three different
cases:

As we have already mentioned, when E + B = 0 and E2 — B? < 0 the equations can be
expressed in a frame where £ = 0. We shall write only the relevant equations where the
electromagnetic field appears: The Raychaudhuri equation ((20)) and the Maxwell equations:

d*a+bA*a+%w/\*w—%s/\*s=BA*B o7
dB-BAa=0 (98)
d«B—xBA(b—a)=0 (99)
Barw=0 (100)
*xBAs=0. (101)

From the last two equations we obtain as a constraint that the vorticity and shear 1-forms
have to be orthogonal.

A similar case happens when £ - B = 0 and E2 — B? > 0. Now it is B that is the
field that can be taken to be zero. The resulting equations are the same as (97)-(101) after
changing B for E.

The last case of semi-null fields consists of those that have E - B # 0, but E2 = B2,
Hence, in the frame where both fields are parallel, we have E = 8. Therefore E and
B fulfill the same Maxwell equations, which take the form of equations (98)—(101). The
Raychaudhuri equation becomes slightly different:

dsa+bAsa+lwAsw—Ls Aus =2E A%E. (102)

From the whole set of equations for the semi-null Maxwell fields we obtain as a
consequence that a solution for one of the cases provides also a solution for the other
two by the following transformation rule:

Bpicp — Egpop —> 5Egp-0 =% {Be.p=o. (103)

Although the three cases are physically different, their mathematical description is the
same.

5.2, A family of semi-null electrovacs

In order to derive new solutions of the Einstein—-Maxwell equations we shall make use of
an ansatz for the ‘magnetic semi-null’ field:
We take it to be shear-free (s = 0) and assume the following condition on the kinematical

1-forms:

lwAsw=BAxB. (104)
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Due to the constraint (100), this ansatz implies that B = tw/+/2. Therefore we have
two different sets of equations for the vorticity and its dual:

dw=~(F~-2aAw (103)
dew+2arxw=0 (106)
dw—waa=0 (107
dexw—swAb—a)=0 (108)

that will introduce a new constraint:
b =3a. (109}

The integrability conditions for this constraint impose no new restriction since now the
equations for the acceleration form and its duval are consistent with those governing b.

We already know that the equations for the 1-form b, (5) and (21), just introduce the
Weyl coordinates p and z, such that «dp = dz. Hence, the only equations that remain to
be solved are (105) and (106), which can be straightforwardly integrated:

w=p 3dA (110)
xw = p 2 dy (111)

whose integrability condition in Weyl coordinates is:

1
App+ 3o Ap+ Ae =0 (112)

which is a well known equation in hydrodynamics, the Tricomi equation in canonical
coordinates, when the parameters allow us to classify it as an elliptic equation.

The twist potential can be obtained from the solutions of the Tricomi equation by
quadratures:

Xo =04, (113)

x: = —p'PA,. (114)
Since a = %d In p, the meiric can be expressed as follows in canonical coordinates:

ds? = — cp™*(dt — Adg) + ™' p™P[0%d9? + *(dp” + dz?)] (115)

¢ being a positive constant and k is obtained from the Cartan equations once the connection
v is calculated from the equations (22) and (23). If we write the tetrad forms 82 and 6? as:

8% =%z 8° = e%dp (116)
then the metric function Q =k — U can be integrated from this set of equations:
Q. =—3p"4,4, (117)

Qo =—3p7" - 3p34,2 - A (118)
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whose integrability condition is precisely the Tricomi equation (112).
From the expression for the dual of the magnetic 1-form B we get the Faraday 2-form
F:

1
F=+-—dy Ad 119
NS X Ad¢ (119

and the magnetic field is :
1
B= iﬁe—gp-‘ﬁ*(A,,e’--;-Aze?’). (120

From the general expression for the metric it is obvious that it is not asymptotically
flat in canonical coordinates. This seems to arise from the fact that the gravitational field
obtained from the ggp component has cylindrical symmetry, and therefore cannot be due to
a compact source. The magnetic field, however, is not cylindrical unless we assume that
the metric function A does not depend on the ¢oordinate z, in which case we would have
an extra Killing vector 3,.

This family of solutions of the Einstein-Maxwell equations has got generically only
two Killing vectors and Petrov type L. It is also generically non-static.

6. Discussion

In this paper a new formalism for studying stationary axially symmetric electrovacs has
been introduced, making use of exterior differential systems of equations and putting the
electromagpetic field into the form of an anisotropic fluid. This has been useful, since we
have not attached ourselves to any special coordinate system from the outset, and therefore
we have been able to simplify our equations in different manners according to our needs.

This formulation of the coupled gravitational and electromagnetic fields has given
results both in the interpretation and in the derivation of solutions of the Einstein—Maxwell
equations. It has served to deal with sheets of dipoles as sources for the fields and, on
the other hand, to extend old families of electrovacs and alsc to construct new ones. In
particular, the result concerning the magnetic dipole sources for the fields is of great interest,
since they cannot be obtained by the usual formulation derived by Israel [8].

For a future work it would be interesting to extend further the applicability of the
techniques developed so far for interpreting the discontinuities of the Ernst potentials, so
that other physical situations fit in the formalism. This would provide a deeper insight into
general relativity and its comparison with flat-spacetime physics.
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