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EXERCISES

1. Let ei
t
h
Ĥh denote the propagator for the semiclassical Schrödinger equation

corresponding to Ĥh := −h2

2
∆. Show that for every u ∈ S

(
Rd
)

the following
holds:

lim
t→∞

∥∥∥∥∥ei th Ĥhu− 1

(iht)d/2
ei
|x|2
2ht û

( x
ht

)∥∥∥∥∥
L2(Rd)

= 0.

2. Let Q be a symmetric, nonsingular d×d matrix with real entries. Show that
the Fourier transform of

e
i
2
Qx·x

is (
2π

|detQ|

)d/2
ei
π
4

sgnQe−
i
2
Q−1ξ·ξ,

where sgnQ stands for the signature of Q.

3. Let u (x) := ρ (x) ei
ξ0
h
·x with ρ ∈ L2

(
Rd
)

and ξ0 ∈ Rd. Show that:

eith∆/2u (x) = ei
ξ0
h
·xeit

|ξ0|
2

2h

(
eith∆/2ρ

)
(x− tξ0) .

4. Let u (x) :=
(
π
√
h
)−d/2

e−
|x−x0|

2

2h ei
ξ0
h
·x with (x0, ξ0) ∈ Rd × Rd. Show that:

∣∣eith∆/2u
∣∣2 (x) =

1[
π
√
h (1 + t2)

]d exp

(
−|x− x0 − tξ0|2

h (1 + t2)

)
.

5. Let v ∈ L2
(
Rd
)

and set Fhv (ξ) := (2πh)d/2 v̂ (ξ/h) for h > 0.

(a) Show that |Fhv|2 dξ is a probability measure whenevere |v|2 dx is.

(b) Let u (x) := 1
hd/4

ρ
(
x−x0√

h

)
ei
ξ0
h
·x for (x0, ξ0) ∈ Rd × Rd and ρ ∈ L2

(
Rd
)
.

Show that

|Fhu|2 (ξ) =
1(

2π
√
h
)d/2 ∣∣∣∣ρ̂(ξ − ξ0√

h

)∣∣∣∣2 .
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(c) Show that for every v ∈ L2
(
Rd
)
,∣∣Fheith∆/2v
∣∣2 = |Fhv|2 .

6. Let ϕ ∈ S
(
Rd
)
. Let a (x, ξ) := ϕ (ξ) for (x, ξ) ∈ Rd × Rd. Show that:

Oph (a) = ϕ (hDx) .

7. Suppose that p ∈ C∞
(
Rd × Rd

)
is a polynomial of degree at most two. Show

that for every a ∈ S
(
Rd × Rd

)
there exist r ∈ S

(
Rd × Rd

)
such that:

Oph (p) Oph (a) = Oph (pa) +
h

2i
Oph ({p, a}) + h2 Oph (r) ,

Oph (a) Oph (p) = Oph (pa)− h

2i
Oph ({p, a}) + h2 Oph (r) ,

conclude that:

[Oph (p) ,Oph (a)] =
h

i
Oph ({p, a}) .

8. Compute the semiclassical measures with respect to the scale h of the fol-
lowing sequences (uh) in L2

(
Rd
)
.

(a) uh (x) = ρ (x) ei
ξ0
h
·x, ρ ∈ L2

(
Rd
)
.

(b) uh (x) = 1
hd/2

ρ
(
x−x0
h

)
, ρ ∈ L2

(
Rd
)
.

(c) uh (x) = 1
hd/4

ρ
(
x−x0√

h

)
ei
ξ0
h
·x, ρ ∈ L2

(
Rd
)
.

(d) uh (x) = ρ (x) ei
S(x)
h , ρ ∈ L2

(
Rd
)
, S ∈ C1

(
Rd
)
.

(e) (uh) strongly convergent in L2
(
Rd
)
: ‖uh − u‖L2(Rd) → 0 as h→ 0+ for

some u ∈ L2
(
Rd
)
.

9. Let (εn) be a sequence of positive reals such that limn→∞ εn = 0. Determine
when the sequences defined in the previous exercise are εn-oscillating.

10. Let a ∈ S
(
Rd × Rd

)
. Let OpWP

h (a) be the operator defined from a by wave-
packet quantization. Show:

lim
h→0+

∥∥OpWP
h (a)−Oph (a)

∥∥
L2(Rd)→L2(Rd) = 0.

11. Let (un) be a bounded, hn-oscillating sequence in L2
(
Rd
)

that is compact
at infinity. Suppose un ⇀ u weakly in L2

(
Rd
)

and let µ be the semiclassical
measure of (un − u). Show that µ = 0 if and only if un → u strongly in
L2
(
Rd
)
. Show that the conclusion may fail if (un) is not hn-oscillating.
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12. A bounded sequence (un) in L2
(
Rd
)

is called strictly hn-oscillating if it is
hn-oscillating and moreover, for every φ ∈ C∞c

(
Rd
)
:

lim sup
n→∞

∫
|ξ|<δ/hn

∣∣∣φ̂un (ξ)
∣∣∣2 dξ → 0, as δ → 0+.

(a) Show that if (un) is strictly hn-oscillating then every semiclassical mea-
sure µ of the sequence (un) (at the scale hn) satisfies: µ ({ξ = 0}) = 0.

(b) Give an example of a sequence (un) such that there is no (hn) such that
(un) is strictly hn-oscillating.

(c) Show that given a sequence (un) that is bounded in L2
(
Rd
)

it is possible
to find (hn) such that (un) is hn-oscillating.

13. Suppose (un) and (vn) are two sequences having as semiclassical measures:
µ1 and µ2 respectively. Suppose that µ1 and µ2 are mutually singular (that
is µ1 (Ω)µ2 (Ω) = 0 for every Borel set Ω ⊂ R2d)

(a) Show that for every a ∈ C∞c
(
Rd × Rd

)
one has:

lim
n→∞

(Oph (a)un|vn)L2(Rd) = 0.

(b) Deduce from the statement above that the semiclassical measure of
(un + vn) is µ1 + µ2.

(c) Suppose moreover that ûn and v̂n are supported on a ball of radius 1/hn
centered at the origin. Show that:

unvn ⇀ 0 as n→∞ in D′
(
Rd
)

.

14. Consider the operator Ĥh := −h2∆ + |x|2 on L2
(
Rd
)

corresponding to the

Hamiltonian H (x, ξ) = |ξ|2 + |x|2. The spectrum of Ĥh consists only of the
eigenvalues Eh

k = (2k + d)h with k = 0, 1, .... Let hn → 0 and kn → ∞.

Denote by ψn an eigenfuncton of Ĥh corresponding to the eigenvalue Ehn
kn

with ‖ψn‖L2(Rd) = 1. Suppose Ehn
kn
→ E when n → ∞ and that µ is a

semiclassical measure of the sequence (ψn) with respect to the scale hn.

(a) Show that µ is supported on H−1 (E).

(b) Show that µ is invariant by the classical Hamiltonian flow φt of H.

(c) Conclude that for d = 1∫
R×R

a (x, ξ)µ (dx, dξ) =
1

2π
√
E

∫ π

0

a
(√

E (cos 2t,− sin 2t)
)
dt.
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