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EXERCISES

Let ¢ denote the propagator for the semiclassical Schrodinger equation
corresponding to V7] B ——A Show that for every u € S (Rd) the following

holds:
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Let @ be a symmetric, nonsingular d x d matrix with real entries. Show that
the Fourier transform of
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where sgn () stands for the signature of ()
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Let u (x) := p (2) e with p € L? (R?) and & € R?. Show that
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. Let u(z) :=

with (930,50) € R? x R%. Show that:

‘ pithA /2 _

" _ 1 o _|m—x0—t§0|2>.
| [W /h(1+t2)]d p( h(1+1t2)

. Let v € L? (RY) and set Fpv (£) :

= (27h)2 T (¢/h) for h > 0.
(a) Show that |F,v|” d¢ is a probability measure whenevere |v|* dz is

(b) Let u(z) := p (’3 IO) e'n

o
Show that

* for (z0,%) € RY x R? and p € L? (RY).
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(c) Show that for every v € L? (]Rd)7
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Let p € S (RY). Let a(z,&) == ¢ (€) for (z,€) € R x RY. Show that:
Opy, (@) = ¢ (hD,).

Suppose that p € C° (Rd X Rd) is a polynomial of degree at most two. Show
that for every a € S (Rd X ]Rd) there exist r € § (]Rd X Rd) such that:

Op, () O, (a) = Op, (pa) + 3O, ({p. a}) + 2 O, (1),

Op, (a) Oy, () = O, (pa) — 5 O, ({p. a}) + 1 Opy (1),

conclude that: h
[Opy, (p), Oy, (a)] = — Opy, ({p, a}) .

Compute the semiclassical measures with respect to the scale h of the fol-
lowing sequences (uy,) in L* (R7).

(a) wy (2) = p(2) €', p € L2 (RY),

(b) un (2) = m=p (522), p € L? (RY).

(¢) un (x) = rp (\;ﬁ> ¢ pe L? (RY).

(d) up () = p(z) i, pe L2 (RY), S € C* (RY).
) s

(e) (u) strongly convergent in L* (R?): |juy — u”L?(W) — 0 as h — 07 for
some u € L* (R?).

Let (&,) be a sequence of positive reals such that lim,, . &, = 0. Determine
when the sequences defined in the previous exercise are ¢,-oscillating.

Let a € S (R? x R?). Let Op,*" (a) be the operator defined from a by wave-
packet quantization. Show:

lim ||Op (a) — Opy, (a)

et HL2(Rd)—>L2(Rd) =0.

Let (u,) be a bounded, h,-oscillating sequence in L? (Rd) that is compact
at infinity. Suppose u,, — u weakly in L? (]Rd) and let i be the semiclassical
measure of (u, —u). Show that p = 0 if and only if u, — u strongly in
L? (Rd). Show that the conclusion may fail if (u,) is not h,-oscillating.
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12. A bounded sequence (u,) in L? (Rd) is called strictly hj,-oscillating if it is
hy-oscillating and moreover, for every ¢ € C° (Rd):

lim sup / ‘qﬁun
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(a) Show that if (u,) is strictly h,-oscillating then every semiclassical mea-
sure u of the sequence (u,) (at the scale h,,) satisfies: u({{ =0}) = 0.

as d — 0.

(b) Give an example of a sequence (u,) such that there is no (h,,) such that
(uy) is strictly h,-oscillating.

(¢) Show that given a sequence (u,) that is bounded in L? (R?) it is possible
to find (h,) such that (u,) is h,-oscillating.

13. Suppose (u,) and (v,) are two sequences having as semiclassical measures:
w1 and o respectively. Suppose that p; and po are mutually singular (that
is 111 () po (2) = 0 for every Borel set 2 C R??)

(a) Show that for every a € C2° (R? x R?) one has:
Jim (Opy, () un|vn) 2(za) = 0-

(b) Deduce from the statement above that the semiclassical measure of
(Un, + V) 18 1 + po.
(¢) Suppose moreover that u, and 0, are supported on a ball of radius 1/h,,
centered at the origin. Show that:
UpTy — 0 asn—>ooinD’(Rd).

14. Consider the operator Hj, := —h2A + |z|* on L2 (Rd) corresponding to the

Hamiltonian H (z,€) = |¢|* + |z|*. The spectrum of Hy, consists only of the
eigenvalues EP' = (2k +d)h with k = 0,1,.... Let h, — 0 and k, — oo.

Denote by v, an eigenfuncton of Hy, corresponding to the eigenvalue Eh"
with ||@Z)n||L2(Rd) = 1. Suppose Eh: — E when n — oo and that p is a

semiclassical measure of the sequence (1)) with respect to the scale h,,.

(a) Show that y is supported on H~! (E).
(b) Show that u is invariant by the classical Hamiltonian flow ¢, of H.
(¢) Conclude that for d =1

/RXRa(x,f) (dz,d€) = 7r\/_ (cos 2t,—sin2t)> dt.




