SEMICLASSICAL ANALYSIS
Fabricio Macia
Universidad Politécnica de Madrid
fabricio.macia@upm.es

Course duration: 16 hours (8 sessions of 2 hours each).
Program

1. The fundamental equations of motion and existence of dynamics.

(a) ClaSSICal MeChaIIICS Hamiltonian systems, classical completeness.

(b) Quantum MeChaHICS. The Schrédinger equation. Essential self-adjointness and quamtum complete-

ness.

(C) BaSIC HOthHS on the Fourler tranSfOI"m The Schwartz class and tempered distributions.
Fourier transform of quadratic exponentials. The fundamental solution to the Schrédinger equation in the constant

coefficient case.

2. The Quantum-Classical correspondence principle.

(a) Weak convergence of probability measures.
(

(¢) The case V =0.

)
b) Semiclassical propagation of wave-packets. Statement of the problem.
)
(d) The W.K.B. method.

3. Quantization and semiclassical pseudo-differential operators.

(a) Motivations.

(b)

(c) L2-boundedness.
)

(d) The product formula.

The Weyl quantization.

4. The Semiclassical Limit.

(a) The Wigner distribution.
(b) Semiclassical measures.

(¢) Wigner and Liouville equations.



(d) Semiclassical measures on a Riemannian manifold.

Comments on the bibliography. A general reference for the course is the book
[3]. Other textbooks on the subject that develop a different approach are [2] and
[10]. The basic results on essential sel-adjointness and a proof of Stone’s theorem
can be found in [11]. A comprehensive account on essential self-adjointness and
quamtum completeness is [12]. This reference also provides with an introduction to
the Fourier transform. Other well-written books that discuss harmonic analysis are
[4] and [8]. This last reference also provides a proof of the Riesz-Markov theorem.
For a discussion on Hamilton-Jacobi equations and a proof of the Schwartz kernel
theorem the reader may consult [14]. Besides the aforementioned texts, a good
introduction to quantization and the Wigner transform is [5], other good references
on pseudo-differential operators are [1], [13], and [15]. Semiclassical measures were
introduced in [6], [9]. The first two section of [7] form a self-contained presentation
of the theory and present an extension of the results in R¢ to smooth manifolds.
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